Abstract. We study the non-autonomous Riccati difference equation
Introduction
Consider the non-autonomous Riccati difference equation (1.1) x n+1 = a n x n + b n c n x n + d n , n = 0, 1, 2, · · · where (a n ) n≥0 , (b n ) n≥0 , (c n ) n≥0 , (d n ) n≥0 are k-periodic, k ≥ 1, and with initial value x 0 ∈ R. We assume that c n = 0 and a n d n − c n b n = 0, ∀ n ≥ 0.
When k = 1 the Eq.(1.1) is reduced to the first order autonomous Riccati rational equation which has been studied thoroughly (see, e.g., [6, 7] ). The case k = 2 is investigated by E.A. Grove, Y. Kostrov, G. Ladas ( [5] ). They determined, firstly, the forbidden set of the Eq.(1.1) or also called the domain of undefinable solutions (see Definition 2.1), and secondly, the behavior of the solutions of Eq.(1.1). In this present paper, we extend the study of the Eq.(1.1) for any integer k ≥ 1 by determining its forbidden set and the asymptotic behavior of its solutions. This also improves results in [5, 3] . For recent progress on the qualitative property on non-autonomous difference equations, see (e.g. , [1, 2, 3, 4, 5, 6, 8] ).
the Appendix, we give a complete study of Eq.(1.1) when k = 1, (using the matrix approach adopted in subsection 2.2).
Preliminaries

Basic concepts.
For the sake of self-containment and convenience, we recall the following definitions. A first order non-autonomous difference equation is an equation of the form (E) x n+1 = f n (x n ), n = 0, 1, . . .
where Ω is a subset of R (usually Ω is an interval or a union of intervals of R), and for any integer n, f n : Ω → R is a continuous function. If f n = f, ∀n ∈ N, the Eq.(E) is reduced to first order autonomous difference equation:
A solution of Eq.(E) is a sequence (x n ) n≥0 such that for every integer n, x n ∈ Ω and x n+1 = f n (x n ). (ii): periodic with prime period p if it is periodic with period p, where p is the least integer for which ( * ) holds. In this case, the a p-tuple {x n , x n+1 , . . . , x n+p−1 } is called a p-cycle of Eq.(E).
Definition 2.3.
A pointx is an equilibrium point of Eq.(E) if f n (x) = x, for all n ≥ 0 that is, x n =x for all n ≥ 0 is a constant solution of Eq.(E). The equilibrium point is said to be:
(i): locally stable if for every ǫ, there exists α > 0 such that if (x n ) n≥0 is a solution of Eq.(E) with initial value x 0 ∈ Ω\F such that | x 0 −x |< α we have | x n −x |< ǫ for all n ≥ 0. (ii): a global attractor relative to the set B ⊂ Ω\F (basin of attraction) if for all solution (x n ) n≥0 of Eq.(E) with initial value x 0 ∈ B, we have lim n→+∞ x n =x.
(iii): a globally asymptotically stable relative to the set B if it is locally stable and global attractor relative to the set B. (iv): unstable if it is not stable.
Some results on non-autonomous Riccati difference equation.
In this subsection, we consider the Eq.(1.1) where the coefficients a n , b n , c n , d n are not necessarily periodic. Set A n = a n b n c n d n and f An (x) = a n x + b n c n x + d n Then the solution (x n ) n≥0 of Eq.(1.1) can be expressed as follow:
Proposition 2.4.
(1) For every invertible matrices A, B we have: f A = f B if and only if there exists α ∈ R such that A = αB.
f AB (x) exists, and
Denote byĀ
A n−1−i , n = 0, 1, . . .
Using Proposition 2.4, we can give the general form of solutions of Eq.(1.1) and thus the associated forbidden set. Then we have the following corollary: Corollary 2.5.
(1) The forbidden set of Eq.(5) is given by:
(2) The solution of Eq.(1.1) with initial value x ∈ R\F is given by:
x n = fĀ n (x) =ā n x +b n c n x +d n , n = 0, 1, . . .
In the sequel, we use the convention of notations:
There are two specific cases that we can calculate the coefficientsā n ,b n ,c n ,d n . The case A n = A, n ≥ 0, corresponds toĀ n = A n (see Lemma A.2), and the case (b n = 0 and d n = 1, n ≥ 0) (see proposition below). Proposition 2.6. Assume that b n = 0, d n = 1, n ≥ 0. Then the coefficients a n ,b n ,c n ,d n are given by:
Particularly, if a n = 1, n ≥ 0, then:
Using Proposition 2.6, we deduce the result of S. Stević on forbidden set ( [9] ). ; n ≥ 1 :
The non-autonomous Riccati difference equation with periodic coefficients
In this section, we determine the forbidden set and the asymptotic behavior of solutions of Eq.(1.1) and their asymptotic behavior when the co-
3.1. The forbidden set.
Unlike the case k = 1, the calculation of the forbidden set is more complicated if k ≥ 2. However, using the matrix approach adopted in subsection 2.2, we can explicitly determine the forbidden set for k ≥ 2.
Let A n = a n b n c n d n be a sequence of matrices associated to the Eq.(1.1).
For any invertible matrix A, we denote by F A the forbidden set associated to the equation:
The following result improves and generalizes those of [5] .
Theorem 3.1. The forbidden set of Eq.(1.1) is given by:
Proof. It is clear that if x 0 ∈ F the solutions (x n ) n≥0 doesn't exist. Conversely, let us suppose that x 0 ∈ F, then
exist. Now let n ≥ k − 1 and let us suppose that x 1 , x 2 , · · · , x n exist. Let us prove that x n+1 exists. Let n = pk + r, where p and r are integers such that0 ≤ r ≤ k − 1, then we distinguish two cases:
• Case 2:
Then the solution (x n ) n≥0 exist. 
We have
So by Corollary A.3, we have:
and
Therefore by Theorem 3.1, the forbidden set of Eq.(1.1) is given by:
Asymptotic behavior and stability properties of the solutions.
In this paragraph we shall decompose the Eq.(1.1) into k autonomous Riccati difference equations of type Eq.(A.1). Indeed, let y 
, where
We let T = tr(B 0 ), D = det(B 0 ) and △ := T 2 − 4D. Then △ is the discriminant of the equation:
Following the notation adopted in Appendix, we denote by: • λ, µ the roots of a characteristic equation if △ > 0 such that |λ| > |µ|,
• re ±iθ the complex roots of a characteristic equation if △ < 0.
The following Theorem describes the asymptotic behavior of the solutions of Eq.(1.1) 
(ii): If there exist i = j such that ρ i = ρ j , then the k-cycle solution {ρ 0 , ρ 1 , · · · , ρ k−1 } attracts all solutions of Eq.(1.1) with initial value outside the set
If △ = 0, we have:
= ρ, then ρ is a global attractor for Eq.(1.1) relative to the set R \ F but unstable.
(ii): If there exist i = j such thatã
attract all solutions of Eq.(1.1) with initial value outside the set F, but unstable. 
is 2-periodic. Now let n ∈ N, and (x n ) n≥0 a solution of Eq.(1.1). As n = pk + r where p, r are integers such that 0
, the solution (x n (u)) n≥0 of Eq.(1.1) with initial value u converges to ρ. Therefore the point ρ is a global attractor for Eq.(1.1) relative to the set
Now we show that ρ is stable. Let ǫ > 0. Since for all 0 ≤ i ≤ k − 1, the point ρ is stable for equation . Then for all u ∈ G such that |u − ρ| < η, for all n ∈ N, and for all 0 ≤ i ≤ k − 1, we have:
(2-2)-(i): Assume that T = 0,c i = 0, for all 0 ≤ i ≤ k − 1, △ > 0, and
= ρ, then similarly to the case 2-1-(i), we can show that all solutions of Eq.(1.1) converge to ρ. The instability of ρ follows from the fact that ρ is unstable as equilibrium point of equations
The study of convergence of solutions is similar to the Case 2-1-(ii), and the instability character is similar to the Case 2-2-(i).
(3-1): Assume that △ < 0, and θ = p q π, p ∈ Z, q ∈ N \ {0, 1} such that gcd(p, q) = 1. Then by Proposition A.4, we have: for all 0 ≤ i ≤ k − 1, the solution (y i n ) n≥0 of equation y n+1 = f B i (y n ) is q-periodic. Now let n ∈ N, and (x n ) n≥0 a solution of Eq.(1.1), as n = pk + r where p, r are integers such that 0 ≤ r ≤ k − 1. Then x n+2qk = x pk+r+2qk = x (p+2q)k+r = y r p+2q = y r p = x n , therefore the solution (x n ) n≥0 is qk-periodic. (2) Let k = 2 and we let A 0 = 1 1 1 0 and
2 . Then by Theorem 3.4,(2-1),(i), the point In this section we suppose that b n = 0, for all integers n. By dividing by d n , the Eq.(1.1) is reduced to the equation:
x n+1 = a n x n c n x n + 1 , a n c n = 0, n = 0, 1, · · · This equation was partially investigated by Clarck, M.E. and Gross, L.J.
( [3] ) when the parameters a n , c n and initial value are positive, and by S. Stević ([9] ) in view to describing the forbidden set when the parameters for a n , c n and initial value are arbitrary reals. Based on the theoretical support that we developed in Section 3, we will give in this section a complete study of Eq.(4.1), which extends and improves the results of M.E. Clarck, and L.J. Gross, Moreover we precise the forbidden set given by S. Stević.
By induction and a basic matrix calculation we can show the following:
(1) For all 0 ≤ i ≤ k − 1, we have:
, and all n ≥ 0 with the conventionã n − 1
(3) The forbidden set F B i is given by:
Therefore, we have the following: 
Now, by Proposition 2.6 the matricesĀ i are given by:
Finally, by Theorem 3.1, we deduce Proposition 4.2. Now using Theorem 3.4, we shall give a complete description of the asymptotic behavior of solutions of Eq.(4.1). The following result extends and improves the result of Clarck, M.E. and Gross, L.J. ( [3] ), (see also [6] , Appendix A, Theorem A.5). 
(ii): Ifã = 1, andc i = 0 for all 0 ≤ i ≤ k −1, then 0 is a global attractor for Eq.(4.1) relative to the set R \ F but is unstable.
(iii): If |ã |> 1, andc i = 0 for all 0 ≤ i ≤ k − 1, we have:
, thenã is a global attractor locally asymptotically stable for Eq.(4.1) relative to set R \ F.
• If there exist i = j such thatc i =c j , then the k-cycle solution {ã
} attract all solutions of Eq.(4.1) with initial value outside the set F ∪ {0}, in addition it is stable. Proof. The parameters describing Eq.(4.1) are:
So, by using the same notation adopted in section 3 we have:
Now apply Theorem 3.4, we get (1), (2)-(i),(ii),(iii). Finally suppose thatã = −1 |ã |≥ 1, and there exists i such thatc i = 0. Let (x n ) n≥0 be nonzero solution of Eq.(4.1), sincec i = 0, then
Now we have
where M is the matrix
and det(M ) = (ã − 1) k−1 = 0. Then there exist j = i such thatc i = 0. This implies by Lemma 4.1, that
Therefore the solution (x n ) n≥0 is oscillating. Let us assume that a n = 1. Then the Eq.(4.1) is reduced to the equation:
In this section we shall study Eq.(5.1) when (c n ) n≥0 is not necessarily periodic in view to see the difference between the periodic and non-periodic cases. The following proposition describes the behavior of solutions of Eq.(5.1) and determine the forbidden set. In fact, we have the following:
Proposition 5.1.
(1) The forbidden set of Eq.(5.1) is given by:
; n ≥ 1 : Proof. Let (x n ) n≥0 be a solution of Eq.(5.1), then by Corollary 2.5 and Proposition 2.6 we have:
It follows that (1) The forbidden set of Eq.(5.1) is given by:
; n ≥ 1 : Let us suppose that 0 is stable and let ǫ > 0, then there exists α > 0 such that: for any initial value u ∈ R \ F with | u |< α, and for any solution (x n ) n≥0 with initial value u, we have:
). As
there exists a integer n 0 such that for all n ≥ n 0 , u n exists and satisfies |u n | < α. So by ( * * ), we get 
where λ 1 , λ 2 are the complex roots of P A and I is the identity matrix. (2) If △ A = 0, we have:
where λ is the unique root of P A .
By Lemma A.2 and Corollary 2.5, we have:
(1) If △ A = 0, then the forbidden set of Eq.(A.1) is given by:
(2) If △ A = 0, then the forbidden set of Eq.(A.1) is given by:
We conclude this section by studying the asymptotic behavior of the solutions of the equation Eq.(A.1).
If △ A > 0 and tr(A) = 0, then the characteristic polynomial P A have two real roots, noted λ, µ with |λ| > |µ|. If △ A < 0, we denote by re ±iθ , θ ∈ ]0, π[, the complex roots of P A . Proof.
(1): If tr(A) = 0, then A 2 = αI and for all n ∈ N, we have: A 2n = α n I and A 2n+1 = α n A. Then the solution (x n ) n≥0 of Eq.(A.1) is given by: x 2n = f A 2n (x 0 ) = x 0 and x 2n+1 = f A 2n+1 (x 0 ) = x 1 , therefore (x n ) n≥0 is 2-periodic. . Now we will show that ρ is stable. Let ǫ > 0, as f P is continuous at 0, then there exists α > 0 such that ∀ y ∈ ] − α, α[, we have: |f P (y) − f P (0)| = |f P (y) − ρ| ≤ ǫ. Since f P is continuous at ρ, then there exits η > 0, such that ∀ x ∈ ]ρ − η, ρ + η[, we have: f P −1 (x) ∈ ] − α, α[, which implies that ( µ λ ) n f P −1 (x) ∈ ] − α, α[; it follows that, ∀ x ∈ ]ρ − η, ρ + η[, ∀ n ∈ N, we have: | x n (x)−ρ |=| f P (( µ λ ) n f P −1 (x))−f P (0) |≤ ǫ. Therefore the point ρ is stable. c(a
